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Abstract

This paper studies a FD cooperative non-orthogonal multiple access (NOMA) system in terms of
pairwise error probability (PEP) while considering imperfect successive interference cancellation
(ipSIC). Exact closed-form expressions of the PEP performance for the system users are derived.
The PEP expressions are derived under both ideal condition and in the presence of self-interference
due to the FD relaying. Moreover, we derive asymptotic PEP expressions to evaluate an effective
diversity order for the considered system. Through the derived (asymptotic) expressions and
simulation results, we demonstrate that self-interference due to FD relaying has a great influence
on the performance of the full-deplex relay.

Keywords: Non-orthogonal multiple access, cooperative relay, pairwise error probability,

diversity gain

1. Introduction

Non-orthogonal multiple access (NOMA) is one of the key-enablers of fifth-generation (5G) mo-
bile communication systems. NOMA can effectively improve spectrum efficiency by using power
domain to serve multiple users on the same resource block (in time domain, frequency domain or

code domain) [1] [2]. The basic feature behind NOMA is to equip a receiver with some prior infor-
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mation of the expected messages from other transmitters for successive interference cancellation.
Such prior information can be utilized to further improve the system performance.

Cooperative diversity, mostly used in infrastructure-less networks, emerged in the past decade
as a promising approach to increase the spectral and power efficiencies, broaden network coverage,
and reduce the outage probability [3]. Cooperative relaying is introduced to NOMA to obtain
spatial diversity gain [4]. In cooperative NOMA, a user with good channel condition can be
regarded as a relay to forward signal to another user with a relatively worse channel condition [5].
In doing so, the challenged (or far-away) user can achieve a spatial diversity gain. There mainly
exist two kind of cooperative methods: half-duplex (HD) mode and full-duplex (FD) mode.

In [6], the authors investigate a relay selection scheme in half-duplex (HD)-based Decode-and-
Forward (DF) relaying to enhance the outage performance. In [7], the authors propose cooperative
NOMA with HD relay selection. To further improve the bandwidth efficiency, Full-duplex (FD)
relay technology is a promising solution which can simultaneously receive and transmit signals in
the same frequency band although it suffers from residual loop self-interference (SI) [8]. The au-
thors of [9] investigate the outage performance of secondary users in underlay cognitive radio—based
nonorthogonal multiple access networks, in which the near user is used as the full-duplex decode-
and-forward (DF) relay for delivering the message to the far-user. Besides, an optimal location
for the FD relay node is investigated for the purpose of minimizing the outage probability of far-
user. In [10] [11], the authors investigate two-stage transmission scheme and the ergodic sum rate
and outage probability of a cooperative NOMA system have been evaluated. In [12], the authors
study the impact of relay selection on the performance of FD cooperative NOMA. In NOMA, the
receivers use successive interference cancellation (SIC) to avoid co-channel interference and obtain
their desired signals. Most of the current research assumed SIC with perfect inteference cancella-
tion. However, this assumption is impractical due to the inaccurate power allocation and imperfect
channel decoding [13]. Several results have been reported on the effect of imperfect SIC (ipSIC)
on the performance of NOMA systems [14]. However, all existing works focus on evaluating the
performance of NOMA systems in terms of outage probability, ergodic sum rate, individual sum
rate and spectral efficiency.

Error rate performance can offer a useful insight into the quality of service of all users [15, 16].



However, accurate bit error rate (BER) analysis of NOMA systems with ipSIC is intractable,
which motivates the evaluation of the PEP as an upper bound of BER [17]. As far as the authors
known that only the references [18-21] studied the system performance of NOMA in terms of
PEP. In literature [18], the authors derived the closed PEP expressions of non-cooperative NOMA
system under Nakagami-m channel, and analyzed the effective diversity gain of the system. In
literature [19], the authors studied the impact of residual hardware impairment on the PEP of non-
orthogonal multiple access by taking into account the effect of imperfect successive interference
cancellation (ipSIC). In literature [20], the authors derived the PEP asymptotic expression of
collaborative NOMA system with RHI and analyzed the diversity gain. In literature [21], the
authors studied the PEP performance of secondary users under CR-NOMA network and considered
the problem of optimal relay selection. However, the work in existing literature did not address
the upper bound of error rate performance analysis in NOMA system with full-duplex cooperative
relaying by taking into account the ipSIC implementation.

The rest of this paper is organized as follows: Section 2 shows the considered system model
in the manuscript. Section 3 derives an exact closed-form PEP expression characterizing the
performance of FD cooperative NOMA with ipSIC. In Section 4, an asymptotic PEP expression
is given to investigate the achievable diversity gains of the NOMA users under both ideal and
non-ideal cases. Section 5 gives numerical results to verify analytical expressions. Finally, Section

6 draws some conclusions.

2. System model

Different from the existing AF cooperative NOMA system, a downlink FD cooperative NOMA
system is depicted in Figure 1, which consists of a base station (BS) and two users, U; and U,
which are located in near and far away from the BS, respectively. Due to physical obstacles or
heavy shadowing, we asume that there is no direct link from the BS to U, [4]. Therefore, to aid
with the data delivery from the BS to Us,, U; acts as a full-duplex relay.

The channels from the BS to Uy, and U; to Uy are denoted by hy and hs, respectively. Both
channels are modeled as independent and identically distributed (i.i.d.) Rayleigh flat fading chan-
nels, i.e., h; ~ CN(0,67), 7 € {1,2}, where CN (0,67) denotes the distribution of the complex
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Figure 1: The downlink NOMA system model

Gaussian random variable with zero mean and variance 67.
Let z1(t) and 25(t) be the messages intended from the BS to U; and Us, respectively. The BS

superimposes both messages as NOMA signal as follows,

2(t) = V/a@par () + y/agpes (1), (1)

where p is the BS transmit power, oy and as are the power allocation parameters for U; and
Us, respectively, with a; + as = 1, oy < ay , and E[jz (t)]*] = 1. When the BS broadcasts
NOMA signals over the network, the relay user Uy receives x(t), and attempts to decode the target
message T (t) using successive interference cancellation (SIC). Specially, we consider the practical
case, i.e., perfect SIC can not be realized, so U; can not fully decode the signal of x5, we denote
the estimated signal of x5(t) at U; by x4 (t). Correspondingly, U; forwards s (t) = a4, (t — 7), where
7 is the processing delay at U; due to decoding x(t). To this end, two signals will be conveyed
to U; simultaneously, namely the NOMA composite signal from the BS, and the self-interference

signal from the U;’s full-duplex mode. The received signal at U; can be expressed as

o () = /@h (8) s () + /B (6) Do + o (1) Eprs (1) (1) )

TV
ipSIC Self —interference Noise

where p; is the transmit power at Uy, k € [0, 1] denotes the self-interference factor, hy ~ CN (0, §2)



is the self-interference channel; ny ~ CAN (0,02) is a complex Gaussian noise; and Ay=x9 — .

The received signal at U, is given by

Y2 (t) = ha (t) /P15 (1) +n2 (1), (3)
where ny ~ CN (0,02) is a complex Gaussian noise at Us.

3. PEP Analysis

3.1. PEP Analysis for U;

The PEP is defined as the probability of detecting message = given that message x was trans-
mitted. For Uy, it is necessary to extract signal xo using SIC before decoding its own signal .

Therefore, the PEP for U; can be expressed as
P(xy,21) = P(x1,21]Q) Pr(Q) + P(z1, 21|Q) Pr(Q), (4)

where (2 (Q) denotes U; can decode the signal x5 successfully (unsuccessfully). We can obtain the

conditional PEP as follows:

P($17i1| Q, |h1|) = Pr(|3/1 b | \/alphli'1|2 < |yl - \/alphlxl|2)a T 7é Iy. (5)

Substituting (2) into (5) with some further modifications, we obtain

P(.Z'l,.CACl‘Q, ‘hl‘) = Pr (2§R{h1A1HT} S —‘h1‘2\/(11p’A1|2 - 2‘h1‘2§R{A1\/Oé2pA; - 2§R{hlA1\/ kplhss*}),
(6)

where Ay = x1 — &1 and 2R{h An}} ~ N (0,202 |h[?|A1]?), R{Z} represents the real part of the
complex number Z.

Also following [18], (6) can be further expressed as

|h1|¢1 + \/E|h5’¢s

P(x1,31]Q, |h1]) = Q( .

), (7)



where, ¢ = /arp|Ai|? + 2R{AJ/aapAL}, ¢y = 2R{A1\/Pis*} , a1 = V20,|A4], and Q(+) is
the Gaussian Q-function [18]. In this paper, we consider that the channel experienced by self-
interference in full-duplex relay forwarding is Rayleigh fading, i.e., fjs,| (w) = :‘;’? exp (—%), where
62 = E[|h,|*]. According to the principle of NOMA, the SINR of U; to detect x5 from (2) is
062p|hl|2
onplha|® + kpy|hs|? 4 02

(8)

T,2 =

Let 7y, is the threshold for U; detect o, using [22, eq. 365.3.462.5] we obtain the probability

of successful decoding of x5 at U; as

4 2

Pr(Q) = Pr(y1 > 75) = Z20=V200N oy (000000 ) () (VU1 9)

282 26%62p% 3%y (61pB)*

(8165pB)*
(6s72kp1)*+(01pB)*

Note that, when the self-interference is completely eliminated (i.e., k = 0), (9) can be reduced

where 8 = g — Y0, 71 = 5573151?10721, T2 = (5572kpl)2 + (51])5)27 and v =

to
2 4
_ 72 Un
To further simplify (7), we consider two scenarios: ideal and non-ideal self-interference cancel-
lation.

3.1.1. Ideal self-interference cancellation

For k = 0, the PEP of U; under successful decoding of x5 is

2
S exp(— ) QA . (1)

Pan o) = [
0
Using [22, egs. (646.6.287.2-887.8.250.1)], we obtain

P10y
Vi + ot

We assume that the error probability for U; to decode z; is no more than 1/2, here we consider

Py, in]6) = 5(1 - ) (12)



the worst case. After substituting (10) and (12) into (4), the PEP of U; can be rewritten as

Plandn) = 21— =20 yexp(22% ) 4 Ly o0 (13)
N N Yl L NPT

3.1.2. Non-ideal self-interference cancellation

For an arbitrary k, the PEP of U; conditioned on successfully decoding x5 is derived by aver-

[M]

x

aging (7) over |hq| and |hs|. Using the Chernoff bound for the Q-function, Q(x) < ez, and after

some mathematical manipulations, we obtain

2 k 252 00 252 2 k W
— 261 + "% s)/ Wy exp( le 1t+si 1\/_¢12¢ w )dwldws.
0

. 1 o
Pm-(xl,xl\Q)S@/O ws exp(—ws I —wj 2757 —w =

(14)

Using [22, eq. 365.3.462.5], [22, eq. 337.3.326.2.'%. and [22, eq. 647.6.292], (14) is further

simplified as

2
~ S1 ©®1
Proi (71,21 Q) < f I — I, 15
where I; and I, can be obtained as
252
S 53
[ =—>t7%s 16
SR T o
1 arctan i 1 ]
I, = [ — , (16b)
2vmpd | 1 3 (13 + 1)
_ [ky262+4¢3 _ VEk1ps6? 2m63 6% _ Ve :
where i = \/ Szt — L 91 = s(mia) V W 0 e = 50 s The PEP of Uyin the

non-ideal self-interference scenario can be also obtained by substituting (9) and (15) into (4).

3.2. PEP Analysis for Us

As for the relay work, U; forwards xo (i.e.,the successfully decoded message of Us). Yet, the

PEP of U, can occur due to the propagation error of the wireless channel. Therefore, when U;



correctly decode message x5, the PEP of U; can be expressed as
P(xy, @2][ho|) = Pr(2R{h2Ayn3} < —[ho|*|A5*/p1), (17)

where A}, = x5(t — 7) — Z2(t — 7). According to [18] , (17) can be calculated as

. h
Plas,llhal) = Q(™2%2), (18)
where 1y = \/p1|Ab|? and ¢ = V20, |A).
Then, the exact expression of PEP of Us is
1 Y202

P(xz,@) = 5(1 - ) (19)

VS5 1303
3.3. BER union bound

It is worth noting that the PEP depends on the transmitted and detected symbols of the users.
Hence it should be averaged over all possible symbols of users. Given that z; is transmitted symbol
and 7; is the erroneously detected symbol, the BER union bound of the [-th user can be evaluated

as

Pr (.T[) Z q (.’L’l — {i'l) Pr (l‘l — .fl)
T @ # &, 1 # p,
pe{1,2,...,L}

(20)

where b is number of transmitted bits in z;, Pr(z;) is the probability of transmitting symbol x;

and ¢ (x; — ;) is the number of bit error when choosing #; instead of x;.

4. Asymptotic Analysis

In this section, we study the diversity gain based on the derived PEP. The diversity gain, d;,
is defined as the magnitude of the PEP slope for U, when the signal-to-noise ratio (SNR) value

reaches infinity.



4.1. Asymptotic Analysis for Uy

4.1.1. Ideal self-interference cancellation
Using the chernoff bound for the @-function, under ideal self-interference cancellation, the

conditional PEP expression in (7) can be bounded above by

P + QL B < o '717#% 21
z($1,$1| 7| 1|)_eXP( 4|A1|2)' ( )

is the instantaneous SNR, which is modeled as exponential random variable with
L Therefore, from

h 2
where v, = |012‘
n

“Y_w>, At high SNR values, we have exp(—%’l) ~1—

PDF f(1,) = Lexp (-2
(21), we use binomial expansion and identity in [22, eq. 337.3.326.2.1°] to obtain

o -7 —M % _ —k=— 12\2—
Jo~ exp(Z) exp(giE)dy = 304y (- D! HT @ - k) (AEh )2 (22)

Py, #1]0) < L
When self-interference is completely eliminated, the probability that U; can successfully decode

Pr(Q) = exp<—%6y (23)

T9 becomes

Therefore, under ideal conditions, the asymptotic unconditional PEP of U; can be evaluated

as
Panin) < S1bg e k(AL g 02 L L 02 (o)
T i B~ 2 Jpp

4.1.2. Non-ideal self-interference cancellation
The conditional PEP in (7), under ideal self-interference cancellation, can be bounded above

_w%Wl+2\/Ewl¢sﬁ\/’ﬁ+kwg’Ys) : (25)

as
Pri(xy, 21||h1], Q) SeXp< AP

[hs |

where 75 = 75~

n

By averaging (25) on h; and make variable substitute, 7, = 22, v, = y?, we can get (26)
365.3.462.5.11], [22, eq. 346.3.381.9.%], and [22, eq.

after some manipulations using [22, eq.



337.3.326.2.1°)].

. 6]A* 32y/m|A|* oo
Pri(wy, 1) < (w%W+4IA1T2)‘(/;1‘@%4\&\2) - k\é;pglﬁl Jo w?exp(=&32°) [1 — @ (x)]dz . (26)

where

[ \/ (W37 + AA ) (kod +4I1A0P) o

ki

By using the equation [22, eq. 647.6.292], inequality (26) can be further calculated as

4 4
Pri(r1, 1) < 1612, _ _I6]A[" [arctan(&,) 1

O N B (= VY -2 (= = v ] R

When self-interference is not completely eliminated, based on (9), the probability that U

successfully decodes x5 can be expressed as

p3

_ SN'S
)= S+ 8 P58 29)

r(Q2
Pr( pp

Therefore, under non-ideal conditions, the asymptotic unconditional PEP of U; can be evalu-

ated as (30), which is at the top of the this page.

4 R 16|A1|4 - 16\A1\4 arctanfs 1 pB Y2
Pri (w1, 21) < ((¢f7+4|A1|2)(k¢§7+4|A1|2) KOTYZy2 & g(g1) ) ) Febwrps P\ 7508

1 5
T2 (1 ~ Tk T8 P <_7772)) '

(30)
4.2. Asymptotic Analysis for U,
According to (22), the asymptotic unconditional PEP of U, can be evaluated as (31),
R
Pe2,82) < 3 (1) 32T 2 - k) (T) | (31)
k=0 ?
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Remark 1: From (24) and (31), we can easily obtain that the effective diversity orders for Uy and

U, under ideal case are both 1.

5. Numerical And Simulation Results

This section follows the aformentioned system model. We assume that the transmitted signals
are randomly selected from the binary phase shift keying (BPSK) constellation. Unless otherwise
specified, the simulation parameters are set as follows: power allocation coefficients a; = 0.3,
as = 0.7, and when a7 # 0.3, as = 1 — ay. Unless mentioned otherwise, the relay forwarding
power p; = p, the threshold 7, is 1, the variance of the Rayleigh channel gain §; and d, is 0 dB, and
the noise variance o2 is 0 dB. It is noted that z;, Z; can be either +1 or —1 in BPSK modulation,

resulting in |A;| = 2.

U,,k=1 ,Analysis
_— = Uy,k=0.,Analysis ) N
10° Uz,AnaIysws
OMA
symbol:Simulation
10,4 L L L L
0 5 10 15 20 25

Figure 2: Analysis and simulated PEP for the 2 users under both ideal and non-ideal case with ipSIC.

Fig.2 shows the comparison of PEP of U; and U, in the FD cooperative relay downlink NOMA
system, where & = 0 represents the ideal relay forwarding signal, k& = 1 represents the influence
of self-interference in the relay forwarding signal. It can be seen that the PEP of the two users
decrease as the SNR increases. Also, the PEP for U; has nearly a stable value under the non-ideal
case. We also show that the PEP of U; under ideal conditions is greatly lower than that the
presence of self-interference, thereby indicating that self-interference has a great influence on the

PEP of Uy, especially at high SNR slope.
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— — —Union bound
—~A— Simulated BER

5

20

25

Figure 3: BER for U; under both ideal and non-ideal case with ipSIC.

Fig.3 shows the BER union bound of U; under the ideal case and the non-ideal case. It can be

seen that the BER of U; decreases as the SNR increase, and the PEP is always the upper bound

of the BER, it’s because the PEP is averaged over all possible codewords of all users. Moreover, it

can be noticed from the figure that the PEP can provide an indication about the diversity order,

where the slope of the union bound matches the slope of the BER at high SNR.

PEP

0.9

0.8 -

0.7

_____ p=10dB, p,= 15dB,Analysis

p=10dB,p, =5dB,Analysis i

_— —p:lOdB,plzlodB,AnaIysis i

symbol:Simulation

k

I I
0.6 0.7 0.8 0.9

1

Figure 4: PEP for U; over different self-interference cofficient.

Fig.4 plots the PEP for U; versus self-interference coefficient k. It can be seen that the PEP

of Uy increases as k increases, which further verifies the observation that the PEP of U; is greatly

influenced by self-interference. The PEP of relay user U; increases with the increase of p;, thereby

12
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Figure 5: PEP for 2 users over different power allocations.

showing that PEP performance of U; degrade as the transmit power p; increases due to self-
interference.

Fig.5 plots the PEP for both U; and U, versus power allocation parameter ;. It can be seen
that the PEP of U; increase with the increase of oy, which is due to the fact that the successful
decoding probability to detect U, at U; will decrease with the increase of ay. Moreover, the
performance gap between ideal case and non-ideal case for U; is nearly the same when oy < 0.4.

However, the power allocation parameter has negligible impact on the PEP of Us.

Effective Diversity Order

Figure 6: Effective diversity order for the 2 users under both ideal and non-ideal case.

Fig.6 shows the effective diversity order of the considered system. At high SNR, the diversity

13



order for both U; under ideal conditions and U; converges to 1, while the diversity order of U
under non-ideal conditions converges to zero, which illustrates that the SI induced by imperfect

FD has great impact on the effective diversity order of the relay node (i.e. Uy).

6. Conclusion

In this paper, the BER performance of downlink full-duplex cooperative relay NOMA system
in terms of PEP is studied by taking into account the impact of SI under the assumption of ipSIC.
Considering the two-user NOMA scheme, The closed-form and asymptotic expressions of PEP are
derived for both ideal and non ideal scenarios. Numerical and analytical results show that SI has
different effects on the near user and far-away user’s PEP performance, which is different from the
reported results on the outage performance. In addition, the diversity order is sharply decreased

in non-ideal case compared with ideal case for the far-away user.
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